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METRIC FLOW OF A JET  OVER PLANE SURFACES NORMAL TO THE STREAM 
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Results are presented of experimental investigations of the hydrody- 
namics  of the wall boundary layer on a plate over which an axisyrn- 
metric jet flows transversely. The conditions of existence and tran- 
sition to turbulent of the laminar boundary layer are determined. 

In heat  t r a n s f e r  ca lcu la t ions  it  is  very  impor t an t  
to be able to pred ic t  the condit ions at which a l a m i n a r  
boundary l aye r  wil l  become turbulent .  ~This is  e spe -  
c ia l ly  impor tan t  in t r a n s v e r s e  flow over  plane surface~,  
p a r t i c u l a r l y  of a je t ,  for which there  are  p r ac t i ca l l y  
no expe r imen ta l  data (apart  f rom [1]) on the hydro-  
dynamics  of t r ans i t ion .  
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Fig.  1. T e m p e r a t u r e  and veloci ty  
p rof i l e s  in the c r i t i c a l  point  r eg ion  
(0 < ~.  < 1) with u0 = 15 m / s e c ,  h = 
= 8, ~ ,  - -0 .4  (a) and 0.9 (b); u0 = 15 
m / s e c ,  h = 2.5, ~ ,  = 1_(c, au thors '  
data); u0 = 37 m / s e c ,  h = 0.5, ~ ,  = 
= 0.83 (d) and 0.5 (e, data of [1]); 
1) ca lcu la ted  f rom (3); 2 - 4 )  ca l cu -  

lated f rom (1). 

It was shown in [2] that in t r a n s v e r s e  flow of an 
a x i s y m m e t r i c  je t  over  a plate,  there  a re  th ree  c ha r -  
ac t e r i s t i c  flow reg ions  in the wal l  boundary  layer :  the 
c r i t i ca l  point  region  (0 < ~ < rm) ,  the t r ans i t i on  r e -  
gion ( rm -< r <- 2rm) ,  and the ma in  flow reg ion  (~ -> 
-> 2~m). 

In the flow of an inf ini te  s t r e a m  over  bodies of dif-  
fe ren t  shape, in the immedia t e  v ic in i ty  of the c r i t i c a l  
point,  the veloci ty  u s at the outer  edge of the wall 
boundary  l ayer  v a r i e s  in p ropor t ion  to the d i s tance  
f rom the forward  s tagnat ion point,  and the boundary  
l ayer  is  l a m i n a r .  This  has been c o n f i r m e d b y n u m e r o u s  
expe r imen ta l  inves t iga t ions .  In our  case the wall  bound-  
a ry  l aye r  in the c r i t i c a l  point region  is  also always 
l amina r ,  although the oncoming  je t  i s  turbulent .  The 
s t ab i l i z ing  factor  is the acce le ra t ed  motion of the fluid 

pa r t i c l e s  in the boundary l a ye r  due to the negat ive  g r a -  
dient  [2]. The d i s t r ibu t ion  of the ve loc i ty  and t e m p e r -  
a ture  f ields wi th in  the wall  boundary l aye r  in a d i r e c -  
t ion pe rpend icu l a r  to the pla te  (Fig. 1) con f i rms  the 
l a m i n a r  na tu re  of the boundary  layer .  The veloci ty  
prof i le  d i s t r ibu t ion  in the wall  boundary l aye r  was de-  
t e r m i n e d  f rom m e a s u r e m e n t s  of the total  head in the 
boundary l aye r  on the assumpt ion  that the s ta t ic  p r e s -  
su re  at each sect ion of the boundary l aye r  is constant  
and equal to that at the sur face .  The prof i les  obtained 
are  l imi ted  to the value y / 5  >- 0.2, s ince  observa t ions  
were  not  made c lose r  to the sur face ,  owing to the f ini te  
d imens ions  of the total  p r e s s u r e  tube. 

As ma y  be seen f rom Fig. 1, the veloci ty  prof i les  
in the c r i t i c a l  point  region  (curves  2 - 4 )  v a r y  cont in-  
uously in the p r e s e n c e  of p r e s s u r e  gradient ,  and the 
va r i a t ion  may  be r e p r e s e n t e d  by the function [3] 

L 
u = (2,1 - -  2,13 -p  ,1') -4- ~ - ( , 1  - -  3,13 -4- 3~13 - -  ~14), ( 1 )  

where , /=  y / 5  and X = (62/v)(dus/dr) i s  a d i m e n s i o n l e s s  
quanti ty which may be computed f rom a knowledge of 
the hydrodynamic  th ickness  of the boundary  l aye r  [4] 
a s  

6 = 1.97do/Re0 a ~ (1 - -  k--/) 1"2 , 

and the veloci ty  at the outer  edge of the boundary  l aye r  

[21 
U s = U o (a~ - -  b73). 

Thus,  

Z = 4 (a - -  3br2 ) /a (1  - -  ~'r2) 2.4 . 

The quant i t i es  a, b, k and r m  depend on the d i m e n -  
s ion le s s  d is tance  h: 

when h~< 6.2 

_ - - 0 . 9 2  

a = 1.5h , 

k = b/a,  

when h > 6.2 

- - I  .54 

a = 16.1h , 

_ - - 0 . 4 2  

b 

- -  - -0 .1  
r m ---- h ; 

__--2.94 

b =- 4 7 h  , 
0 . 7  

k = b / a ,  rm=0.34h . 

When r = r m,  X = 0 the veloci ty  d i s t r ibu t ion  (curve 2, 
Fig.  1) coincides  iden t ica l ly  with the fourth degree  
po lynomia l  

u = 2,1 - -  2 q  3 + '14. ( 2 )  

Compar i son  of the ca lcula ted  ve loc i ty  p rof i l e s  in 
the wal l  l aye r  in the c r i t i c a l  point  region,  f rom Eq. 
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Fig.  2. Var ia t ion  of veloci ty  prof i les  u and th ickness  of wal l  boundary  
l ayer  5, ram, over  disc  r ad ius  r ,  ram, with do = 31 mm,  h = 2.5, 
uo = 15 m / s e c  (A), the ve loc i ty  p rof i l e s  in the t r a n s i t i o n  reg ion  1 < 
< u  < 2 (B), and the veloci ty  p rof i l e s  in the ma in  flow reg ion  (C): 
a, b, c ) f o r  u  r e s p e c t i v e l y  1, 1.7, and 2, with u0 = 15 m / s e c ,  do = 31 
mm,  h =  2 . 5 ; d , e , f ) r , =  1, 1.8 a n d 2 w i t h u o  = 2 5 m / s e c ,  do = 31 
ram, h =  1.6; g , h ) r .  = I a n d 2  with u0 = 25 m / s e c ,  do = 31 ram, h =  
= 8; i , j , k )_~ .  = 2, 2.7, 3.3 (data of [5]) with u0 = 19.6 m / s e c ,  do = 
= 40 ram, h = 3.75; / , m )  r ,  = 2 and 3 (authors  T data) with u0 -- 25 m /  
/ s e c ,  do = 31 ram, h = 2.5; 1) ca lcula ted  f rom Eq. (2); 2) f rom Eq. (4). 
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Fig.  3. O s c i l l o g r a m s  of ve loc i ty  f luc tuat ions  in the wal l  boundary  l ayer ,  
and a qua l i ta t ive  p ic tu re  of the t u rbu l en t  t r a n s i t i o n  of the l a m i n a r  bound-  

a ry  l aye r .  
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(1), with the e x p e r i m e n t a l  da ta  (F ig .  1) shows that  
the a g r e e m e n t  i s  good. 
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Fig .  4. Ve loc i ty  p r o f i l e s  in the ma in  flow 
r eg ion  with v a r y i n g  Re0 for  do = 31 m m  ~,  = 
= 2 ( a - f o r  Re 0 = 13 600; b - 1 8  000; e - 2 6  000; 
d - 4 5  000; e -9000 )  and fo r  ~-, = 4 ( f - R e  0 = 
= 7000, g--9000; 1) ca l cu l a t ed  f r o m  Eq. 

(2); 2) f rom Eq. (3). 

The t e m p e r a t u r e  d i s t r i bu t ion  in the wal l  l a y e r  m a y  
be r e p r e s e n t e d  by a fif th d e g r e e  po lynomia l  (curve  1 
of F ig .  1) 

1 2,5y/6t ' 5" 3"53 5 ''4"'~4 = - -  T y /  t - -  y/ut-i-l .5yS/6~ (3) 

In the t r a n s i t i o n  r eg ion ,  which e x i s t s  in the r ange  
r m  --- 2 r m  or  1 -<- ~ ,  -< 2, the  p i c t u r e  of the  flow in 
the boundary  l a y e r  changes  sha rp ly .  While  a c c e l e r a t e d  
mot ion  of the f luid p a r t i c l e s  i s  o b s e r v e d  in the c r i t i c a l  
poin t  r eg ion ,  in the t r a n s i t i o n  reg ion  the ve loc i t y  u s 
at  the ou te r  edge of the wal l  l a y e r  beg ins  to d rop  s lowly ,  
the mot ion  of the f luid p a r t i c l e s  s lows down, and t h e i r  
t endency  to mix  i n c r e a s e s .  

F i g u r e  2A shows the ve loc i ty  p r o f i l e s  and the v a r i -  
a t ion of wa l l  l a y e r  t h i ckness  ove r  the d i sc  r a d i u s .  The 
s h a r p  i n c r e a s e  in boundary  l a y e r  t h i ckness  and the 
m a r k e d  change in ve loc i ty  d i s t r i bu t ion  a r e  ev idence  
that  the l a m i n a r  boundary  l a y e r  has  become turbulen t .  
The v a r i a t i o n  in the d i m e n s i o n l e s s  ve loc i ty  p r o f i l e s  
(F ig .  2B), which w e r e  obta ined  for  v a r i o u s  r e l a t i v e  
d i s t a n c e s  Y and h, c o n f i r m s  the uns tab le  na tu re  of the 
mot ion  in the t r a n s i t i o n  reg ion .  

In the ma in  flow r eg ion  the boundary  l a y e r  (F ig .  2C), 
a cco rd ing  to our  m e a s u r e m e n t s  and to the e x p e r i m e n t a l  
da ta  of S c h r a d e r  [5], is  tu rbulen t ,  the v e l o c i t y  p r o f i l e s  
a r e  s i m i l a r ,  and they  m a y  be d e s c r i b e d  by the one -  
seventh  power  law, i . e . ,  by the law of z e r o - g r a d i e n t  
tu rbu len t  flow in the boundary  l a y e r  

u/us = (g/a) ''7 (4) 

The tu rbu len t  t r a n s i t i o n  of the l a m i n a r  boundary  
l a y e r  m a y  a l so  be judged f rom the ve loc i ty  f luc tua t ions  
in the boundary  l a y e r ,  which w e r e  r e c o r d e d  with the 
a id  of a h o t - w i r e  a n e m o m e t e r  on o s c i l l o g r a m s .  The 
a n e m o m e t e r  w i r e  was loca ted  at a d i s t ance  0 .2 -0 .3  
m m  f rom the s u r f a c e ,  while  the nozz le  was moved  
n o r m a l  to the d isc  su r f ace .  In the t e s t s  the p a r a m e t e r  
Re0 was v a r i e d  f rom 20 000 to 150 000, and the r e l a t i v e  
d i s t a n c e  h = 1 -10 .  The o s e i l l o g r a m s  (Fig .  3) show 
that  the ampl i tude  of the ve loc i ty  f luc tua t ions  in the 
c r i t i c a l  point  r eg ion  a r e  s m a l l  ( f i r s t  o s c i l l o g r a m ) .  In 
the t r a n s i t i o n  r eg ion  they i n c r e a s e  s h a r p l y  ( o s e i l l o -  

g r a m s  2, 3 and 4), i nd ica t ing  that  the l a m i n a r  boundary  
l a y e r  has  become turbulen t .  

The poin t  of t r a n s i t i o n  can be made  v i s i b l e  us ing  
the Nickel  me thod  [6]. A p o w d e r e d  m i x t u r e  of k e r o -  
sene and soot  was s p r e a d  on a white pape r  su r f ace .  
A f t e r  an a i r  j e t  had been blown at  the  su r f ace  for  a 
sho r t  t ime  (Re0 = 30 000), the qua l i t a t ive  p i c t u r e  shown 
in F ig .  3 was obtained.  The point  of t r a n s i t i o n  has  
the shape of an annulus of d a r k e r  co lo r  and l i e s  in the 
t r a n s i t i o n  r eg ion .  

However ,  t u rbu len t  t r a n s i t i o n  of the l a m i n a r  bound-  
a r y  l a y e r  may  not occur .  F i g u r e  4 shows ve loc i ty  p r o -  
f i l e s  in the ma in  flow reg ion  when Re0 v a r i e s .  

I t  m a y  be seen  f rom Fig .  4 that  as  Re0 d e c r e a s e s ,  
the ve loc i t y  p r o f i l e s  v a r y ,  and with Re0 < 9000 only 
l a m i n a r  ve loc i t y  p r o f i l e s ,  f i t t ing  a four th  d e g r e e  p o l y -  
nomia l ,  a r e  o b s e r v e d  along the d isc  r a d iu s .  

The v e l o c i t y  p r o f i l e s  m a y  be given the fo rm of a 
dependence  of Re 6 ,  on r , .  The broken  l ine in F ig .  5 
shows the s t a r t  of t r ans i t i on ,  i . e . ,  i t  i s  the  cu rve  of 
c r i t i c a l  va lues  of the points  of l o s s  of s t ab i l i t y  of the 
boundary  l a y e r .  With d e c r e a s e  of Re0 the point  of 
l o s s  of s t ab i l i t y  sh i f t s  to the r igh t ,  t o t h e  va lue  ~ , =  2. 
The l a m i n a r  boundary  l a y e r  r eg ion  is  loca ted  to the 
lef t  of the b roken  l ine .  The l e a s t  value  of Re6 ,  at 
which only a l a m i n a r  boundary  l a y e r  i s  found ove r  the 
whole d i sc  s u r f a c e  m a y  be ca l l ed  the s t ab i l i t y  l i m i t  
in z e r o - g r a d i e n t  flow. It i s  Re5 ,  = 90. The p a r a m e t e r  
Re0 m a y  a l so  s e r v e  as  a c r i t e r i o n ,  s ince  the p a r a m -  
e t e r  Re5 ,  i s  p r o p o r t i o n a l  to [ / u / / v .  If we take  into 

account  tha t  Usr /V v a r i e s  only up to  the  va lue  u  = 2, 
while  fo r  ~ ,  >-- 2 i t  r e m a i n s  constant ,  s ince  u m = 1.32 
u0d0/r [2, 7] and Re r = 1.32 Re0, then Re5 ,  ~ V ~ 0 .  

T h e r e f o r e ,  for  R e s ,  - 90 o r  Re0 <- 9000, only a 
l a m i n a r  boundary  l a y e r  ex i s t s  over  the whole s u r f a c e  
of the d i sc .  

I t  m a y  be seen f rom F ig .  5 what inf luence a neg-  
a t ive  p r e s s u r e  g rad i en t  has  on boundary  l a y e r  s t ab i l i t y .  
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Fig .  5. Dependence  of  R e 5 ,  and (p - po)/(pu~/2) 
o n e ,  fo r  Re 0 = 50 000 (1), 35 000 (2), 26 000 (3), 

9000 (4), A=- (p - po)/(pu~/2); B = Um6*/v.  

With i n c r e a s e  of nega t ive  p r e s s u r e  g rad i en t  the c r i t -  
i c a l  va lue  of the s t a b i l i t y  l i m i t  i n c r e a s e s  sha rp ly .  F o r  
Re6 ,  > 150 the d i s p l a c e m e n t  of the s t ab i l i t y  lo s s  point  
to the left  i s  s m a l l  and we m a y  c o n s i d e r  that  at this  
condi t ion in the c r i t i c a l  point  reg ion  the boundary  
l a y e r  is  l a m i n a r ,  and, as  has  been shown above,  for  
1 < _ ~ ,  ~_2. 
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NOTATION 

do is  the nozz le  d i a m e t e r ;  ~m = rm/d0  is the t e l -  
a t ive d i s tance  f rom disc cen t e r  to point c o r r e s p o n d i n g  
to m a x i m u m  axial  ve loc i ty .  ~ = r /d0 is the c u r r e n t  
d isc  rad ius  r e f e r r e d  to the nozz le  d i a m e t e r ;  5,  = r / r  m 
is the c u r r e n t  d isc  r ad ius  r e f e r r e d  to d i s tance  f rom 
disc c e n t e r  to point co r r e spond ing  to m a x i m u m  axial  
ve loc i ty ;  h = h/d0 is the r e l a t i v e  d i s tance  f rom nozz le  
to disc  su r f ace ;  u0 is the nozz le  exft ve loc i ty :  u s is 
the ve loc i ty  at ou ter  edge of wal l  boundary l ayer :  

6 

~* =. ~(1-- " ld~/ is the d i sp l acemen t  th ickness ;  Heo = 
3 \ Us / 
o 

= u0d0/u is  the Reynolds number  based on in i t ia l  je t  

p a r a m e t e r s ;  Re r = Usr/U; R e s .  = 5 * r / ~ .  
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